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We study the behavior of the dual quark condensate 1 in the Nambu–Jona-Lasinio (NJL) model and its 
nonlocal variant. In quantum chromodynamics 1 can be related to the breaking of the center symmetry 
and is therefore an (approximate) order parameter of conﬁnement. The deconﬁnement transition is then 
signaled by a strong rise of 1 as a function of temperature. However, a similar behavior is also seen 
in the NJL model, which is known to have no conﬁnement. Indeed, it was shown that in this model 
the rise of 1 is triggered by the chiral phase transition. In order to shed more light on this issue, we 
calculate 1 for several variants of the NJL model, some of which have been suggested to be conﬁning. 
Switching between “conﬁning” and “non-conﬁning” models and parametrizations we ﬁnd no qualitative 
difference in the behavior of 1, namely, it always rises in the region of the chiral phase transition. We 
conclude that without having established a relation to the center symmetry in a given model, 1 should 
not blindly be regarded as an order parameter of conﬁnement.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
Spontaneous chiral symmetry breaking and conﬁnement are 
among the most important features of nonperturbative low-energy 
quantum chromodynamics (QCD). Both properties have been stud-
ied from ﬁrst principles within lattice QCD, which nowadays pro-
vides an excellent description of the meson and baryon spectrum 
in vacuum [1]. Turning to nonzero temperature T , lattice QCD pre-
dicts a rapid but smooth crossover from the conﬁned phase with 
broken chiral symmetry at low T to a deconﬁned phase with (ap-
proximately) restored chiral symmetry at high T [2,3]. Moreover, 
it is found that both transitions take place in the same temper-
ature range. The corresponding order parameters are the chiral 
quark condensate 〈ψ¯ψ〉 and the Polyakov-loop (PL) expectation 
value [4,5], respectively, which strictly speaking belong to oppo-
site limits of the theory. While 〈ψ¯ψ〉 is a strict order parameter 
for chiral symmetry breaking in the limit of massless quarks, the 
PL expectation value is a strict order parameter for conﬁnement 
in the limit of inﬁnitely heavy quarks, where it can be related to 
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SCOAP3.Z(3) center-symmetry breaking and thereby to the free energy of 
a static quark–antiquark pair [6,7].
The identiﬁcation of an appropriate order parameter for the 
conﬁnement–deconﬁnement phase transition in QCD with ﬁnite 
(i.e., non-inﬁnite) quark masses stands on less solid grounds. In 
this context the authors of Ref. [8] have proposed the dual quark 
condensate 1 as an alternative. Starting point is the generalized 
quark condensate 〈ψ¯ψ〉φ , which is the analogue of the usual quark 
condensate, but evaluated for quark ﬁelds with twisted boundary 
conditions
ψ(x, β) = e−iφψ(x,0) (1)
in the imaginary time direction. Here β = 1/T is the inverse 
temperature and φ ∈ [0, 2π) is an arbitrary angle. Hence, physi-
cal fermions, which obey antiperiodic boundary conditions, corre-
spond to φ = π .
The dual quark condensate n is then deﬁned as the Fourier 
transform with respect to φ,
n = −
2π∫
dφ
2π
e−inφ〈ψ¯ψ〉φ, (2)0
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as a sum of Wilson loops winding n times around the temporal 
boundary [8]. In particular, since the PL is the shortest loop with 
winding number 1, the case n = 1 may be viewed as a collection 
of generalized Polyakov loops with spatial ﬂuctuations. Therefore 
1 has been termed “dressed Polyakov loop” [8].
1 and the ordinary (“thin”) PL transform in the same manner 
under center transformations, which motivates the consideration 
of 1 as an order parameter for the deconﬁnement phase tran-
sition. Moreover, since the spatial ﬂuctuations are suppressed for 
inﬁnite quark masses, 1 reduces to the thin PL in this limit. On 
the other hand, as seen from its deﬁnition, it is also related to the 
quark condensate, albeit with unphysical boundary conditions. This 
hints for a possible connection between chiral and deconﬁnement 
phase transition, explaining why both transitions occur in the same 
temperature region [8,9].
Another important feature of 1 is that it is not restricted to 
lattice formulations of QCD, but it can also be calculated within 
continuum approaches, like the functional renormalization group 
method [9] or Schwinger–Dyson equations [10–14], where the cal-
culation of the thin Polyakov loop is not possible in a straight-
forward manner. These investigations have conﬁrmed that chiral 
restoration and deconﬁnement phase transitions take place in the 
same regime, even when the analysis is extended to a nonvanish-
ing chemical potential [13,14], a region which is not accessible in 
lattice QCD because of the sign problem.
In addition to these studies directly rooted in QCD, 1 has 
also been investigated within effective models of strong interac-
tions. This was done ﬁrst in the Polyakov-loop extended NJL (PNJL) 
model [15] and a bit later in the standard NJL model [16]. It was 
found in both cases that the qualitative behavior is similar to the 
QCD results, i.e., the rise of 1, which in QCD signals the onset of 
deconﬁnement, is found approximately in the same temperature 
region where chiral restoration takes place. This is particularly re-
markable for the NJL model, which has been invented as a model 
for chiral symmetry breaking [17,18] but is known to feature no 
conﬁnement. Indeed, since there are no gauge ﬁelds and, hence, 
no center symmetry in this model, a connection between 1 and 
conﬁnement cannot be made.1 Instead, a Ginzburg–Landau type 
analysis revealed that in the NJL model the behavior of 1 is trig-
gered by the chiral phase transition [20].
The situation is somewhat less clear for the PNJL model, where 
conﬁnement effects are included by coupling a gluon background 
to the quarks [21,22]. However, in this way conﬁnement is realized 
only statistically, i.e., quark effects to thermodynamic quantities are 
suppressed at low temperature, but the quarks remain as physical 
states in the spectrum. As a consequence mesons can decay into 
quark–antiquark pairs [23], which should not be possible in a con-
ﬁning theory.
Already before the PNJL model was invented, there have been 
various attempts to model conﬁnement by modifying the analytic 
properties of the quark propagator, e.g. [24–27]. One possibility is 
a quark propagator without real singularities in the time-like mo-
mentum region. Formally, this is related to the violation of reﬂec-
tion positivity [28,29], meaning that quarks do not exist as physical 
states in the particle spectrum and are thus conﬁned.
As mentioned above, the NJL model in its original formulation 
does not support conﬁnement; the structure of the quark prop-
agator in this model is consistent with that of a free particle. 
1 A similar conclusion was drawn in Ref. [19], where 1 has been explored in 
three-dimensional quantum electrodynamics, a conﬁning theory which, however, 
does not possess a center symmetry. Therefore, although the behavior of 1 is 
qualitatively the same as in QCD, it cannot directly be linked to the conﬁnement 
transition.However, employing the proper-time regularization, the unphysi-
cal quark production threshold can be avoided by introducing an 
infrared cutoff, associated with the conﬁning scale [30,31]. The re-
sulting propagator does neither develop real nor complex poles. 
This is another statement of conﬁnement in the sense that the ex-
citation described by a pole-less propagator can never reach its 
mass shell.
Alternative attempts to simulate conﬁnement utilize nonlocal 
extensions of the NJL model (nNJL model) [32–35]. Thereby the in-
teraction is designed in such a way that the quark propagator has 
no real but complex conjugate poles.2 These complex singularities 
have been interpreted as conﬁned quasiparticles [36,37]. Through 
the incorporation of temperature into the model, the complex sin-
gularities may turn real and a deconﬁnement phase transition be-
comes explicit.
It should be noted that the absence of real poles in the quark 
propagator is a suﬃcient but not a necessary criterion for con-
ﬁnement. In fact, in contrast to older studies [28], the Schwinger–
Dyson analysis of [38] seems to favor the existence of a real quark 
pole when a truncation scheme beyond the rainbow-ladder ap-
proximation is used. It was also pointed out that the existence of 
complex conjugate poles in the nNJL model leads to thermody-
namic instabilities [39] and only inhibits the decay of mesons into 
quark–antiquark pairs if additional prescriptions about the integra-
tion contour are made [34].
Nevertheless these models provide a nice and relatively sim-
ple test bed to investigate whether the pole structure of the quark 
propagator (“conﬁning” or “non-conﬁning” in the above sense) has 
a qualitative effect on the behavior of 1. In this article, we there-
fore explore the behavior of 1 in the NJL and nNJL models such 
that, with the appropriate choice of parameters, conﬁnement is 
built-in or not in the models. Thereby we address the validity 
of 1 as an order parameter for the conﬁnement–deconﬁnement 
transition in these models.
The remainder of this article is organized as follows: In Sec-
tion 2 we introduce the NJL and nNJL models and explain how the 
chiral condensate and 1 are obtained within these models. The 
corresponding results are presented in Section 3. Finally, in Sec-
tion 4, we draw our conclusions.
2. The models
2.1. Local NJL model with infrared cutoff
The Nambu–Jona-Lasinio (NJL) model [17,18] is a model of self-
interacting fermions and was introduced in the early 1960’s to 
describe the mass of nucleons through spontaneous chiral sym-
metry breaking. After the advent of QCD it was reinterpreted as 
an effective model for quarks, which acquire a constituent mass by 
the same mechanism (see Refs. [40–43] for reviews).
Throughout this article we work in Euclidean space, following 
the conventions of Ref. [44]. The NJL model is then given by the 
Lagrangian
LNJL = ψ¯(−i/∂ +m)ψ − G
2
(
(ψ¯ψ)2 + (ψ¯ iγ 5τψ)2
)
, (3)
where ψ denotes a quark ﬁeld with N f = 2 ﬂavor and Nc = 3 color 
degrees of freedom, and with bare mass m. The operator /∂ is de-
ﬁned as
/∂ = γ4 ∂
∂x4
+ γ ·∇ , (4)
2 An exception is the propagator in [32], which has no pole in the complex mo-
mentum plane but complex conjugate cuts.
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The quarks interact by local four-point vertices, proportional to 
the coupling constant G . The interaction is invariant under chiral 
SU (2)L × SU (2)R transformations and consists of a scalar–isoscalar 
and a pseudoscalar–isovector part, where τ denotes the triplet of 
the Pauli matrices in isospin space.
In vacuum chiral symmetry, which is explicitly broken by the 
bare mass m, is also broken spontaneously through the self-
interactions. In one-loop approximation (being equivalent to the 
mean-ﬁeld or Hartree approximation), this gives rise to the dressed 
Euclidean quark propagator
S(q) = −/q + M
q2 + M2 , (5)
where M denotes the constituent quark mass, given by the gap 
equation
M =m + G
∫
d4q
(2π)4
tr(S(q)). (6)
Here the trace is to be taken over the internal quark degrees of 
freedom, i.e., Dirac, color and ﬂavor components. One ﬁnds
M =m + 8NcG
∫
d4q
(2π)4
M
q2 + M2 . (7)
Since the constituent quark mass also enters the right-hand side, 
the equation must be solved self-consistently, underlining its non-
perturbative nature.
The quark condensate is generally given by the expression
〈ψ¯ψ〉 = −
∫
d4q
(2π)4
tr(S(q)). (8)
If we compare this with Eq. (6) we ﬁnd the simple relation
〈ψ¯ψ〉 = −M −m
G
. (9)
Applying Matsubara formalism, the above expressions can 
straightforwardly be generalized to nonzero temperature by the 
substitutions∫
dq4
2π
→ T
∑
n
, (10)
q4 → ωn , (11)
where ωn = (2n + 1)π T are fermionic Matsubara frequencies. Fur-
thermore, recalling that the latter are a consequence of the an-
tiperiodic boundary conditions fermions must obey in the imag-
inary time direction, the twisted boundary conditions deﬁned in 
Eq. (1) are easily implemented by the shift
ωn → ωφn =
(
2n + φ
π
)
π T . (12)
So far we have ignored the fact that the integrals in Eqs. (6)–(8)
and their extensions to nonzero temperature and twisted boundary 
conditions diverge in the ultraviolet and therefore have to be regu-
larized. Since the NJL model is not renormalizable, the divergences 
cannot be absorbed in a redeﬁnition of the parameters in the La-
grangian, so that the regularization scheme and the corresponding 
cut-off parameters must be viewed as a part of the model.
As already mentioned, a second shortcoming of the NJL model 
in its original form is the fact that the model is not conﬁning. 
Formally this can be seen most easily from the dressed propa-
gator, Eq. (5), which takes the form of the propagator of a non-
interacting particle. In particular it has a pole in the time-like region at q2 = −M2, corresponding to the mass shell of a real par-
ticle.
It is possible, however, to circumvent this problem by choosing 
a regularization scheme which avoids the poles of the propaga-
tor and, hence, the appearance of quark-production thresholds [30,
31]. The basic idea is to restrict the distance the conﬁned quark 
can propagate by introducing an infrared cut-off, in addition to the 
one needed to regularize the UV divergences. The proper-time (PT) 
regularization turned out to be best suited for this task. To this 
end we use the identity
1
q2 + M2 =
∞∫
0
dτ e−τ (q2+M2) (13)
to write the propagator as an integral. If we now restrict the do-
main of the integration by introducing an IR cut-off τ 2ir and a UV 
one τ 2uv , we ﬁnd
τ 2ir∫
τ 2uv
dτ e−τ (q2+M2) = e
−τ 2uv(q2+M2) − e−τ 2ir (q2+M2)
q2 + M2 , (14)
where the original pole at q2 = −M2 is canceled by the numerator. 
Hence, we have removed the singularities from the propagator. As 
discussed before, this can be interpreted as conﬁnement.
Applying this scheme to Eq. (7), the gap equation in vacuum 
becomes [30]
M =m + Nc
2π2
GM3
(
(−1,M2τ 2uv) − (−1,M2τ 2ir )
)
, (15)
where (α, x) is the incomplete gamma function. At nonzero tem-
perature one gets
M =m − 2Nc
π3/2
GMT
∑
n
[
e−M2nτ 2uv
τuv
− e
−M2nτ 2ir
τir
+ √πMn
(
erfc(Mnτuv) − erfc(Mnτir)
)]
, (16)
where Mn =
√
M2 +ω2n and erfc(x) is the complementary error 
function. From this we obtain the gap equation for the mass Mφ
with twisted boundary conditions if we replace ωn by the shifted 
Matsubara frequencies ωφn , given in Eq. (12).
Having solved the gap equations, the chiral condensate is im-
mediately obtained from Eq. (9), which also holds at nonzero 
temperature. In the same way we get the generalized condensate 
〈ψ¯ψ〉φ as
〈ψ¯ψ〉φ = −Mφ −m
G
(17)
from the solution Mφ of the gap equation with twisted boundary 
conditions. 1 is then easily calculated from Eq. (2) with n = 1.
Finally, we would like to point out that the cancellation of 
the propagator poles in Eq. (14) is independent of the constituent 
quark mass. In particular, the quarks remain “conﬁned” in the chi-
rally restored phase where M = 0.3
3 In order to “cure” this problem the authors of Ref. [45] introduced a tempera-
ture dependent IR cut-off τir(T ), which diverges in the chirally restored phase, so 
that chiral and deconﬁnement phase transition coincide.
532 F. Marquez et al. / Physics Letters B 747 (2015) 529–5352.2. Nonlocal NJL model
The nonlocal Nambu–Jona-Lasinio (nNJL) model is described by 
the Euclidean Lagrangian [44]
LnNJL = ψ¯(−i/∂ +m)ψ − G
2
ja ja, (18)
where ψ , m, and G are again the quark ﬁeld, its bare mass, and 
a coupling constant, respectively. The nonlocality of the model is 
encoded within the nonlocal currents ja(x) deﬁned as
ja(x) =
∫
d4 y d4z r(y − x)r(z − x) ψ¯(y)aψ(z), (19)
with operators a ∈ {1, iγ 5τ }, again corresponding to the scalar–
isoscalar and pseudoscalar–isovector channels. The function r(x) is 
a regulator, which will be speciﬁed later.
In the local limit, r(x) = δ(x), the integrals in Eq. (19) become 
trivial and we recover the standard NJL model, Eq. (3). In general, 
however, the results get modiﬁed by the nonlocality. Most impor-
tant, the one-loop quark self-energy, which for local interactions is 
constant in momentum space, now becomes a momentum depen-
dent function. As a result the dressed propagator takes the form
S(q) = −/q + (q
2)
q2 + 2(q2) , (20)
where the function (q2) replaces the constituent mass M in 
Eq. (5).
For general nonlocal interactions the functional form of (q2)
must be found by self-consistently solving a Schwinger–Dyson 
equation. In the present model, however, a great simpliﬁcation 
comes about from the fact that the interaction is separable, mean-
ing that the four-point vertices in momentum space are essentially 
proportional to the product of the Fourier-transformed regulator 
functions. The form of the function (q2) is then simply given by
(q2) =m + σ¯ r2(q2), (21)
where r(q2) is the regulator function in momentum space and σ¯
is a constant, satisfying the gap equation
σ¯ = G
∫
d4p
(2π)4
r2(p2) tr(S(p)). (22)
Inserting Eqs. (20) and (21) this becomes
σ¯ = 8NcG
∫
d4p
(2π)4
r2(p2)
m + σ¯ r2(p2)
p2 + (m + σ¯ r2(p2))2 , (23)
which, for a given r(q2), must be solved for σ¯ .
As before, the chiral condensate is given by Eq. (8). However, 
if we compare this equation with the gap equation (22) we see 
that the latter contains extra regulator functions in the integrand, 
so that in contrast to Eq. (9) there is no simple relation between 
〈ψ¯ψ〉 and σ¯ (except for r(q2) = const., corresponding to a local 
interaction). Explicitly we have
〈ψ¯ψ〉 = −8Nc
∫
d4p
(2π)4
m + σ¯ r2(p2)
p2 + (m + σ¯ r2(p2))2 . (24)
Finite temperature effects as well as twisted boundary condi-
tions can again be incorporated through the substitutions
Eqs. (10)–(12) in the expressions above.
If the function r(p2) is chosen to drop off suﬃciently fast at 
high values of p2, the integral in Eq. (22) converges, so that no 
further regularization of the model is needed. Nevertheless, for the 
quark condensate, Eq. (24), there remains a quadratic divergence due to the bare quark mass. This problem also exists in QCD and 
requires a proper mass renormalization, see, e.g., Ref. [11]. In order 
to avoid such complications, we will restrict our numerical studies 
to the chiral limit, m = 0, where the quark condensate is conver-
gent.
Unlike the local NJL model, the dressed propagator in the nNJL 
model has a nontrivial pole structure. Depending on the model 
parameters and in particular the regulator function, the pole po-
sitions q2 = −M2, given by(
q2 + 2(q2)
)∣∣∣
q2=−M2 = 0 (25)
can be real or complex. In the latter case, assuming that r(q2) is 
real for real q2, the poles appear in complex conjugate pairs, which 
may be parametrized as
M2 = M2 ± iM. (26)
Following a quasiparticle picture, M can be interpreted as the con-
stituent mass of the quark and  as its decay width [37,46,36]. 
In this manner, a complex pole corresponds to an unstable quasi-
particle state, which could be interpreted as a manifestation of 
conﬁnement.4
An important aspect in this context is that the pole structure 
may change as a function of temperature from “conﬁning” to “not 
conﬁning”. Hence, in contrast to the PT regularized NJL model, 
where the quarks are always conﬁned, the nNJL model allows us 
to study not only the chiral phase transition, but also the decon-
ﬁnement phase transition.
3. Results
3.1. Local NJL model with infrared cutoff
We are now ready to present our results for the behavior of 
the chiral condensate and the dual quark condensate as functions 
of the temperature. We begin with the PT regularized NJL model, 
introduced in Section 2.1. We consider the chiral limit, m = 0, and 
adopt the parameters of Ref. [47],5
G = 1.275 · 10−5 MeV−2 , (27)
τir = (240 MeV)−1 , (28)
τuv = (905 MeV)−1 , (29)
which have been ﬁtted to vacuum properties in the pion and rho-
meson sector. With these parameters the vacuum values of the 
constituent quark mass and of the chiral condensate per ﬂavor 
are given by M = 358 MeV and 〈u¯u〉1/3 = 〈d¯d〉1/3 = −243 MeV, re-
spectively.
At nonzero temperature, we obtain the results displayed in 
Fig. 1. The solid and the dashed line indicate the absolute value of 
〈ψ¯ψ〉 and 1, respectively, both normalized by the absolute value 
4 This interpretation is probably too naive in various aspects. First, the underly-
ing assumption is that the propagator can be Wick-rotated in the usual way, so 
that a pole at q2 = −M2 in Euclidean space corresponds to a pole at +M2 in 
Minkowski space. However, this property is spoiled by the existence of the complex 
conjugate poles themselves. Second, physical resonances have a cut along the real 
axis and complex poles are allowed only on the second Riemann sheet. One may, 
however, turn this argument around: Complex conjugate poles on the ﬁrst Riemann 
sheet violate microcausality and positivity. Therefore such poles do not correspond 
to physical particle states, which in turn could be interpreted as conﬁnement.
5 The model of Ref. [47] uses a local four-point interaction with the quantum 
numbers of a heavy-gluon exchange, parametrized by an effective coupling param-
eter mG = 132 MeV. In the scalar–pseudoscalar channel this is Fierz equivalent to 
the Lagrangian (3) with G = 29m−2G .
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condensate 1 (dashed line) as functions of the temperature, calculated within the 
PT regularized NJL model in the chiral limit. The condensates have been normalized 
by the absolute value of 〈ψ¯ψ〉 at T = 0.
of 〈ψ¯ψ〉 at T = 0. We ﬁnd that 〈ψ¯ψ〉 continuously goes to zero at 
a critical temperature Tc = 216.2 MeV, i.e., at this point a second-
order chiral phase transition takes place. 1, on the other hand, 
is very small at low temperatures and then smoothly rises, with 
a maximum slope at T = Tc . In QCD this would indicate a (rather 
broad) crossover from the conﬁned to the deconﬁned phase. In the 
present model, however, the quarks remain conﬁned, as discussed 
above. Hence, the rise of 1 has nothing to do with a deconﬁne-
ment transition in this case, but is simply triggered by the change 
of the chiral properties.
3.2. Nonlocal NJL model
For our investigations within the nNJL model we take a Gaus-
sian regulator
r2(q) = e−q2/2 , (30)
which drops off exponentially at large Euclidean momenta, so that 
no further regularization is necessary. Inserting this into Eqs. (21)
and (25) one ﬁnds that the propagator has an inﬁnite number of 
poles in the complex q2 plane [44]. However, depending on the 
model parameters, there may be poles at real q2 as well. In the 
chiral limit, which will be considered in the following, the propa-
gator has two real poles if the gap parameter σ¯ is smaller than a 
critical value [33]
σ¯crit = √
2e
, (31)
while there are no real poles if σ¯ > σ¯crit . As discussed before, the 
latter case can be interpreted as a manifestation of conﬁnement.
In our studies we therefore consider two qualitatively different 
sets of parameters, which are listed in Table 1, together with the 
corresponding value of σ¯crit and the vacuum solution σ¯0 of the 
gap parameter. From these one can see that for parameter set A 
the quarks in vacuum are conﬁned (in the above sense), while for 
set B they are not. As temperature increases, σ¯ decreases and ﬁ-
nally vanishes at the chiral phase transition. Hence, for set A, there 
is also a deconﬁnement phase transition where σ¯ drops below 
σ¯crit . For set B, on the other hand, the system is always in the 
deconﬁned phase. We are thus led to the question whether this 
qualitatively different behavior is also seen in the dual quark con-
densate.
Our results for parameter set A are displayed in Fig. 2. Besides 
1 and the chiral condensate we also show the mass M and the 
decay width , according to the deﬁnition in Eq. (26). Here we Table 1
Two sets of model parameters (regulator scale  and coupling constant G), the 
corresponding critical gap parameter σ¯crit , and the solution σ¯0 of the gap equation 
(22) at zero temperature. The calculations are performed in the chiral limit, m = 0.
Set  [MeV] G [MeV−2] σ¯crit [MeV] σ¯0 [MeV]
A 760 3.6 · 10−5 326 404
B 914 2.1 · 10−5 392 325
Fig. 2. Various quantities calculated with parameter set A as functions of the 
temperature: Mass (dotted line) and decay width (dash-dotted line), according to 
Eq. (26) applied to the ﬁrst propagator pole; 〈ψ¯ψ〉 (solid line), and 1 (dashed 
line).
Fig. 3. The same as Fig. 2, but for parameter set B. The decay width corresponding 
to the ﬁrst propagator pole vanishes for all temperatures.
focus on the propagator pole with the lowest mass, since it con-
tributes most signiﬁcantly to the thermodynamics of the model. 
We can see that the pole, which is complex at low temperatures 
becomes real at T = 110 MeV, which, according to the interpreta-
tion discussed above, should be identiﬁed with the deconﬁnement 
temperature Td . The chiral phase transition, signaled by the van-
ishing of the mass and the chiral condensate, takes place in the 
same regime but at a slightly higher temperature, Tc = 126.5 MeV. 
This is of course expected because σ¯ (T ) ﬁrst drops below σ¯crit at 
T = Td before it vanishes completely at T = Tc .
1 is again very small at low temperatures and then rises sig-
niﬁcantly. Like in the PT regularized local NJL model, the maximum 
slope is found at the chiral transition temperature Tc . However, 
since 1 rises smoothly, a relation to the deconﬁnement tempera-
ture Td cannot be totally excluded from the ﬁgure.
We therefore turn to the results for parameter set B, which are 
shown in Fig. 3. Just as for parameter set A, the rise of 1 occurs 
around the chiral phase transition, signaled by the vanishing of the 
chiral condensate. However, in this case there is no deconﬁnement 
phase transition occurring. Hence, the order parameter like behav-
ior of the dual quark condensate can only be related to the chiral 
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the model.
4. Conclusions
In the present article we have studied the dual quark conden-
sate 1 in local and nonlocal variants of the NJL model. In QCD, 
1 is an order parameter for conﬁnement [8], which is related to 
the breaking of the Z(3) center symmetry and as such equivalent 
to the standard “thin” PL in the limit of inﬁnite quark masses. In 
the NJL model, on the other hand, there is no center symmetry 
and no conﬁnement, but nevertheless 1 behaves in a qualitatively 
similar way as in QCD [16]. In Ref. [20] this was shown within a 
Ginzburg–Landau type analysis to be an effect of the chiral phase 
transition.
Like the original NJL model, the models studied in the present 
paper do not have gauge ﬁelds and, hence, no center symmetry. 
However, there exists the possibility to have quark propagators 
without poles on the real Euclidean q2 axis, which is often inter-
preted as a realization of conﬁnement. The aim of our analysis was 
therefore to investigate whether the pole structure of the quark 
propagator, conﬁning or non-conﬁning in the above sense, leaves 
imprints on 1.
Speciﬁcally, we have considered three examples which all fea-
ture a chiral phase transition but have rather different conﬁnement 
properties: a PT regularized local NJL model with infrared cutoff, 
which is always conﬁning, a nonlocal NJL model with a decon-
ﬁnement phase transition at ﬁnite temperature, and a different 
parametrization of the same model where the quarks are always 
deconﬁned.
We ﬁnd that 1 behaves almost identically in all three cases, 
namely it rises most steeply at the chiral phase transition temper-
ature, just like in the NJL model. In particular, we do not see any 
effect related to a change of the conﬁning properties of the propa-
gator. Although in one parametrization of the nNJL model there is 
a deconﬁnement transition and the rise of 1 roughly falls in that 
region, this must be seen as a coincidence because of the pres-
ence of the nearby chiral phase transition. In fact, the two phase 
transitions do not take place at exactly at the same temperature, 
and the maximum slope of 1 is found at the chiral rather than 
the deconﬁnement transition temperature. Therefore we conclude 
that 1 is not an appropriate order parameter for deconﬁnement 
in these models.
We would like to stress, however, that this does not mean 
that the same conclusion can be drawn in QCD, where, unlike 
in the models we have studied, a connection between 1 and 
center-symmetry breaking exists. Also, it is not clear whether con-
ﬁnement in QCD is really related to the pole structure of the 
quark propagator, as assumed in our models. In any case, it seems 
that the connection between the rising behavior of 1 and the 
chiral phase transition, which in Ref. [20] was shown for the 
NJL model, is a rather widespread feature. Hence, if this is also 
true in QCD, it could explain the approximate coincidence of 
chiral and deconﬁnement crossovers, observed in lattice calcula-
tions.
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